Abstract. Given a unit vector field on a closed Euclidean hypersurface, we define a map from the hypersurface to a sphere in the Euclidean space. This application allows us to exhibit a list of topological invariants which combines the second fundamental form of the hypersurface and the vector field itself. We show how these invariants can be used as obstructions to certain codimension one foliations.
Introduction
Let M be a closed Riemannian manifold of constant sectional curvature, and let F be a transversely oriented codimension one foliation on M. Brito et al, [1] , have shown that the total higher-order mean curvatures of the leaves, i.e. the integral of the elementary symmetric functions of the eigenvalues of the second fundamental form of the leaves, do not depend on the foliation. In that direction, these integral formulas for codimension one foliations have been generalized by means of Newton transformations and for any closed Riemannian manifold, see [4] and [7] and the references therein.
The total higher-order mean curvatures were computed in [1] through an application defined by Milnor in [5] ; for the case of positive curvature, let ϕ t :
, ϕ t (x) = x + tN(x), where N is the vector field normal to F . The integrals come from the determinant of the Jacobian matrix of ϕ t , and coefficient comparison in a polynomial in the variable t.
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All the known cases, for example [1] , [4] and [7] , the integral formulae show independence from the foliation, but they still depend on the geometry of the ambient manifold. In this note we define a map similar to ϕ t , in which we employ a unit vector field on a closed Euclidean hypersurface M n+1 immersed in R n+2 , and also the normal map of the hypersurface. This map provides integral formulae, in which we can recover the aforementioned positive case, but they rather depend on the topology of M, and this dependence comes through the degree of the normal map of M.
The map ϕ v t
Let M n+1 be an oriented closed immersed Euclidean hypersurface, with χ(M) = 0, and let v : M → T M be a smooth unit vector field on M. We fix an orientation of M so the normal map ν :
, where N is a unitary field, normal to M.
For a real number t > 0, define ϕ
which means that the image of ϕ v t lies in the sphere
On the other hand, ν and v are smooth maps, and adding is a smooth operation in R n+2 , so ϕ v t is again a smooth application. The degree formula (see for example Guillermin-Pollack, page 188) says that for any smooth map f : X → Y between manifolds with the same dimension k, and for a k-form ω on Y ,
In the case of ϕ
, set ω as the volume form of
, and vol(S n+1 ) as the volume of the unit Euclidean sphere. The RHS of (1) reads
For the LHS of (1), there exists a relation between the pullback of ω via ϕ v t and the volume form of M, ω M ; it follows,
Topological invariants
Since the determinant is invariant under similarity transformations, we may choose any orthonormal basis for
, take the following adapted set of orthonormal vectors {e 1 , . . . , e n , v}.
We notice that ϕ v t (x) ⊥ e i , for every 1 ≤ i ≤ n, and that ϕ v t (x) can be chosen as normal to S n+1 ( √ 1 + t 2 ). So we may complete the set {e 1 , . . . , e n } with a vector which is simultaneously normal to all e i , 1 ≤ i ≤ n, and ϕ
where (·)
⊤ is the projection on T M, and D denotes the Euclidean connection. Setting ∇ as the induced Levi-Civita connection of M, we have
With respect to the aforementioned notation the acceleration ∇ v v has the following components:
In addition, we define a ij := ∇ e i v, e j and h AB := S(e A ), e B , for 1 ≤ i, j ≤ n and 
We havë
Define some column vectors by
and rewrite the above matrix as follows
The determinant is linear with respect to the sum of column vectors, so the equation (5) simplify computations concerning an explicit formula for det(dϕ 
From the equations (2) and (3),
We first observe that when n is even both sides of the last equation are polynomials in t, and the powers of the RHS are all even integers. This implies that the coefficients multiplying odd powers on the LHS are all zero. When n is odd, the appearence of √ 1 + t 2 shows that all coefficients on the LHS are zero.
On the other hand, for t sufficiently small we have that the degrees of the maps examples, see [6] . See also [8] for the case of possible values of the degree for immersion of spheres.
First consequences of (6)
In this section we summarize some direct consequences of the relation 6.
5.1. Codimension one foliations. Let F 2n be a transversely oriented codimension one foliation of a closed oriented immersed hypersurface M 2n+1 of R 2n+2 .
Take v as a unit vector field normal to the leaves. In this case, at each point of M, the matrix (a ij ) represent the second fundamental form of the leaf passing through that point, and thus it is symmetric. Then,
If η 2n = 0 (or for any other 1 ≤ k ≤ n, η 2k = 0) then (6) implies that deg(ν) = 0. in the Euclidean space endowed with a codimension one totally geodesic foliation?
It would be interesting to know whether Ghys' characterization of those foliations in [2] provides a quick answer to this question.
Conclusion and further research
In a forthcoming version of this manuscript, we will analyze the case of vector fields with singularities and exploit further geometrical consequences of (6).
